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Abstract 
Two homotopy invariant Nielsen type numbers exist for periodic points of a self-map 
f : X+X of a compact connected ANR X, namely NP,,( f 1, the Nielsen type number of 
period n, and N@Jf ), the Nielsen type number of the nth iterate. The first is a lower 
bound for the number of periodic points of least period II, and the second a lower bound 
for the number of periodic points of all periods m G II. Both these Nielsen type numbers are 
extended here to the case of maps f : (X, A) + (X, A) of pairs of compact ANR’s. 
Calculations and many examples are given. 
Keywords: Nielsen type numbers; Periodic points of maps of pairs; Relative Nielsen theory 
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1. Introduction 
Classical Nielsen fixed point theory provides information about multiple fixed 
points of a map, and the Nielsen number IV(f) is a homotopy invariant lower 
bound for the number of fixed points on X for a map f : X + X. In 1986 Nielsen 
fixed point theory was extended to the setting of maps of pairs of spaces, and a 
relative Nielsen number N(f; X, A) was introduced which is a homotopy invariant 
lower bound for the number of fixed points on X for a map f : (X, A) + (X, A) 
(see [6], and see also [7] for a survey of this rapidly growing area). Here we extend 
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Nielsen periodic point theory (as developed in [2,4,5]). The extension is from the 
case which gives information about periodic points of a map f : X + X to the case 
of a map of pairs f : (X, A) + (X, A). In particular, we extend the definitions of 
two Nielsen type numbers which exist for periodic points, namely the Nielsen 
number of period n and the Nielsen number of the nth iterate, to the relative 
setting, and we study the properties of these new relative numbers. 
A periodic point of period n of a map f : X+X is a fixed point of the nth 
iterate f n of the map f, and a point x E X is called a periodic point of least period 
n if f”(x) =x but f’(x) # (x) for all k <it. The Nielsen number of period n, 
denoted by NP,(f >, provides a lower bound for the number of periodic points of 
least period n of f, and the Nielsen number of the nth iterate, denoted by NF,(f) 
or N@J f >, is a lower bound for the number of fixed points of f n. These Nielsen 
numbers were introduced in [5], and studied for self-maps of path-connected 
compact ANR’s in [2,4]. They share with other Nielsen type numbers the proper- 
ties that they are homotopy and homotopy type invariant, but hard to compute. 
Some cases where their computation has been carried out can be found in [2,4]. 
In this paper we study periodic points of period IZ, and of least period II, for 
maps of pairs of spaces. An example was given in [3, Example 1.11 to indicate some 
of the problems encountered in such a study, and we repeat it here as it will be 
frequently used, either in this or in modified and generalized forms, to illustrate 
our results and calculations. 
Example 1.1 (The “Banana Example”). Let X be the solid torus X= S’ X 0’. 
First we define a self-map g of the core S’ x (0) of X. We regard the core as the 
subset {eie: 0 G 0 < 27~) of C, and let g be the standard map of degree 3 given by 
g(eie) = e3ie. Th ere are eight points of g which are fixed points of g2 and hence 
have least period 2 or less for g, namely eini/‘l for j = 0, 1,. . . ,7. We use the 
notation from [2] and label them [j]*, where the 2 is a book-keeping device which 
keeps track of the period. According to the theory developed in [21, the irreducible 
periodic point classes of period 2 of g are those represented by a point [j]’ for 
which j is not divisible by 1 + deg(g) = 4, and all periodic point classes of period 2 
are essential (see [3, Section 21 for the definitions of these concepts, or [5, Ch. 
III.41 and [2]). Next we select integers dj for j = 0, 1,. . . ,7, and define a subspace 
A and a self-map f of A which will depend on the dj’s. We let A = Si U Si U Si 
” . . . u S: be the subspace of X= S’ X D2 which consists of the eight boundary 
circles of the disks {ejrri14} x D2, with j = 0, 1,. . . ,7. The map f maps each circle 
of A to another circle of A in a fashion compatible with the map g, i.e., the range 
of S,! is S:, where k = 3j mod 8, and so that the restriction of f to S; is a 
standard map of degree dj. From the maps g and / we obtain a self-map of the 
subspace (S’ x (0)) UA of X. We can now extend this map to a map f : (X, A) --+ 
(X, A) by defining f on each of the eight pieces {eie x D2: jT/4 G 13 G (j + 1)1~/4) 
of X. Each such piece is shaped like a piece of a banana, and the map f maps 
each piece into the union of three pieces so that each piece is stretched according 
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to the map g and “twisted” according to the map f until a continuous map 
f:(X, A)+% A) Cd e t ermined up to homotopy) is obtained. 
Using an approach typical for relative Nielsen theory, we will try to obtain 
information about the number of periodic points of f on X in this example, and of 
a self-map f : (X, A) + (X, A) of a pair of compact ANR’s in general, by using 
information about the periodic points of the map f : X+X defined by f if the 
condition that f(A) CA is ignored and of the restriction f=f I A : A +A, and 
from the interplay of these two data. More precisely, the definition of the relative 
Nielsen number in [6] suggests that the definitions of the relative Nielsen type 
numbers of period IZ and of the relative Nielsen type number for the nth iterate 
should have the structure of the following formulae 
and 
N@,(f; X9 A) =N%(J) +NQi,(f) -N@,(f, J;) 
for appropriately defined terms. We shall see that the definition of NP,(f, f> is 
reasonably clear. But the definition of NQn,(f, j) is elusive, and we shall define 
this number in a different way and only outline situations where a definition in a 
more typical form includes all periodic points which are detectable by our theory. 
In Example 1.1 the subspace A of the space X is not connected. This frequently 
happens in relative Nielsen theory, e.g. in the important case where X is a 
manifold and A is its boundary. Therefore it was necessary, in preparation for this 
paper, to extend relevant results from [2,4,5] which concern periodic points of a 
self-map f : X +X on a path-connected compact ANR X to results which apply 
to a self-map of a compact ANR X which is no longer path-connected. This was 
done in [3], and we use this source frequently. 
Our paper is organised as follows. The relative Nielsen type number of period 
it, denoted by NP,(f; X, A), is defined and studied in Section 2, and the relative 
Nielsen type number for the nth iterate, denoted by N@,(f; X, A), is defined and 
studied in Section 3. We show that the first, NP,(f; X, A), is a lower bound for 
the number of periodic points of least period n on X for the map f : (X, A) + 
(X, A), and the second, N@,(f; X, A), is a lower bound for the number of fixed 
points on X for the nth iterate of f, i.e., for the map f” : (X, A) + (X, A). Both 
numbers are homotopy invariant, have the commutative property and hence are 
invariants of the homotopy type of pairs. Also included in these two sections are 
some relations between these relative and the corresponding ordinary Nielsen type 
numbers for periodic points, and some simple examples. The final Section 4 deals 
with the calculation of the two new relative Nielsen type numbers. In particular we 
obtain conditions so that N@,J f; X, A) can be found as x, ,,JP,( f; X, A), or 
(by Mobius inversion) so that NP,( f; X, A) can be found as a sum of terms which 
have the form N@Jf; X, A) for suitable values of k. We also show that 
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N@,,(f; X, A) is greater or equal than N(f”; X, A), the relative Nielsen number 
of the nth iterate of f, and state conditions under which equality holds. All of 
these results are used to calculate the two relative Nielsen type numbers which we 
have introduced here in several more sophisticated examples, in particular in 
certain examples which are obtained from Example 1.1 and its modifications. 
Numbers of an impressive size can occur for NP,(f; X, A) and N@,(f; X, A) 
even for relatively small values of IZ, especially if compared to the numbers M’,(f) 
and NGn,(f). 
We assume throughout the paper that (X, A) is a pair of compact ANR’s 
(metric) and that X is path-connected. We do not assume path-connectedness of
A, but it is important to keep in mind that A has, as a compact ANR, at most 
finitely many path-components. There exists a fixed point index theory for compact 
ANR’s (see e.g. 11, Ch. VI>, and so the concepts of essential periodic point classes 
and essential orbits are well defined. We frequently refer to [5, Ch. III; 2; 41, and 
expect some familiarity with these sources. The paper cannot be understood 
without knowledge of the background material developed in [31, as notation, 
definitions, results and examples from [3] are used in a fundamental way. A 
detailed reading of the present paper certainly requires that [3] is at hand. 
We wish to thank Boju Jiang for helpful discussions. 
2. The relative Nielsen type number of period n 
In this section we generalize the first of the two Nielsen type numbers for 
periodic points which exist for maps on a compact ANR, namely the Nielsen type 
number for periodic points of period n, to maps on pairs f : (X, A) + (X, A) of 
compact ANR’s. In [2,3,5] this number is defined in terms of irreducible essential 
periodic point classes and orbits of the map, and therefore our first task is to 
discuss what these concepts mean in the relative setting. 
So let us consider a map f : (X, A) + (X, A) of a pair of compact ANR’s, 
where X is path-connected. We allow that A can have more than one path-com- 
ponent, but as A is a compact ANR, the number of its path-components i  finite. 
We denote the path-components of A by Aj, write f=f 1 A : A + A for the 
restriction of f to A and fj =f ( Aj : Aj + A, for the restriction of f to the 
component Aj of A. If Y is the inclusion v : A +X, then v is a morphism from 
f: A+A to f:X+X, that is vof=f 0 v. Now let [Ai] be an f-cycle of length 
c(j) (see [3, Definition 3.31). For each A, in this cycle there is a commutative 
diagram 
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of path-connected spaces. From [3, Proposition 2.71 we have that, for any 1 I m, the 
diagram 
FPC(( J=,,$n)r 1 - 
1~8 FPC((f;(j))m) J!!?+ FpC((f$j))") 
(2) 
v* 
Ilc(j),n 
FPC(f”““) - 
y* 
- FPC(f”) 
is commutative, where n = me(j) and c is the component function introduced in 
[3, Section 31. An analogous diagram exists in the fundamental group approach. 
We generalize the notion of common fixed point classes from [6]. One should 
keep in mind that, according to 13 Section 31, Z is an n-periodic point class of f if 
Z E FPC((~$j))“/‘(j)) for some component A, of A. 
Definition 2.1. Let CY E FPC(f”) (or Coked1 -f”“>> be an n-periodic point class 
of f. Then (Y is a common n-periodic point class of f and f if there exists an 
essential n-periodic point class Cu of f so that Y * (Ei) = CY. It is an essential common 
n-periodic point class of f and j: if it is a common n-periodic point class which is 
itself essential, and it is an irreducible common n-periodic point class of f and f if 
it is common and irreducible. 
Note that if (Y is an irreducible common n-periodic point class of f and f and 
Y,(G) = (Y, then E is also irreducible by diagram (2) above. 
To illustrate these definitions, we consider the “Projective Banana Example” [3, 
Example 3.51. As the spaces on which f and g act have the same homotopy type as 
maps, we will use the same labels for the n-periodic point classes of f and of g. 
Thus we write [ j12, for j = 0,1,2, for the 2-periodic point classes of f and of g. 
Then [112 is an essential irreducible common 2-periodic point class, since V* ([l]:) 
= [ 112, where [ 11: is the fixed point class of ff = f 2 I R P; = t which corresponds to 
the generator of Cokei- - t”) z Z,. (This is most easily seen from the geometry.) 
Both [l]: and [112 are essential and irreducible. 
The following proposition will be used in the definition of NP,( f, f) and in 
calculations. 
Proposition 2.2. Let cr E FPC( f ‘9 (or Coked1 -f ““>> be an n-periodic point class 
of f, If (Y is, respectively, a common, essential common, irreducible common 
n-periodic point class off and f, then f.(a) is, respectively, a common, essential 
common, irreducible common n-periodic point class off and f . Hence these properties 
of an n-periodic point class are properties of the orbit off *. 
Proof. The proof is obtained by applying [3, Proposition 2.71 (or the corresponding 
result in the fundamental group approach) to the appropriate faces of the diagram 
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(3) 
to obtain a three-dimensional version of diagram (2) from which the result follows. 
0 
Proposition 2.2 justifies that we define 
NP,(PY ?) 
as IZ times the number of common irreducible essential orbits of f” and f”. As X 
is compact, we clearly have 0 G NPJf, f> < M’,(f) and 0 < NP,,(f, ?> Q NP,(./). 
Definition 2.3. Let f : (X, A) -+ (X, A) be a map of a pair of compact ANR’s. The 
relative Nielsen type number of period n is 
NP,(f; X, A) =Np,(f) +NP,(f) -NP,(f, f). 
Note that NP,( f; X, fl) = NP,( f; X, X) = NP,,( f) is the Nielsen type number 
of period n introduced in [5, p. 69, Definition 4.81 and [2, Definition 2.11. If IZ = 1, 
then we deal with the fixed point case, and it follows directly from the definitions 
that NP,( f; X, A) = NC f; X, A) is the relative Nielsen number introduced in [6, 
Definition 2.41. 
Example 2.4. Let X be simply connected and f : (X, A) + (X, A) be an arbitrary 
map. Then FPC( f ‘9 contains, for any IZ E Z,, only one n-periodic point class, and 
this class is reducible to 1, so NP,(f; X, A) = NE’,(f) for all 12 > 1. Since 
NZ’,(f; X, A) = N(f; X, A), we have from [6, Theorem 2.61 
NP,(f; X, A) =N(f; X, A) = 
1, if N(f) =0 and L(f) #0, 
N(j), otherwise. 
Example 2.5. Consider the special case of the “Banana Example” 1.1 described in 
[3, Example 4.51. We will calculate NP,(f; X, A) for n = 1, 2, 3 and 6. For it = 1 
we have 
N-,(f; X, A) =N(f; X, A) =N(f) +N(f) -N(f, f) 
=1+2-1=2. 
For n = 2 we get 
NP,(f; X, A) =Np,(f) +NP,(f) -NP,(f, f) 
=Nh(f) +Np,(g) -NP,(f, f) 
= 28 + 6 - 6 = 28. 
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In the first step of the above argument the equation NP,(f) = M’*(g) follows 
from the fact that M’,(f) is homotopy type invariant (see [5, 111.4.111). To see that 
NP,(f, f> = 6, we use the definition and notice that for j = 1, 2, 3, 5, 6 and 7 the 
map fj’ has at least one fixed point which is Nielsen equivalent to the 2-periodic 
point of f : X+X which corresponds to [j]‘. 
Since the periodic points on SA are inessential for n = 3, detectable points of J‘ 
which are of period 3 occur only on Si, and so we have by definition that 
NP,(f) = 6. Further M’,(f) = NP,(g) = 24 and M&f, f> = 0, and hence we get 
NP,(f; X, A) =Np,(J) +NP,(f) -i%(f, J;) 
=6+24-0=30. 
For n = 6 there are no common essential irreducible orbits of f and f, and so 
NP,(f, f) = 0. To see this, take an essential fixed point class of f6, e.g., a 
3-periodic point class of some {T. Then the fixed points of this class are contained 
in one of the components S,! of A, and so, considered as fixed points of f6, they 
are in the same Nielsen class as the fixed point (ejTi14} X (0). But this point is a 
fixed point of f” and hence reducible, and so it has not been counted in NP,(f). 
Thus we have, using [3, Example 4.81, 
NP,(f; X, A) =NP,(J) +Np,(g) -NP,(L f) 
=1086+ ll-361-ll-331-ll-321+ll-31-O=1782. 
Next we will define the set of irreducible essential orbits IEO,(f; X, A) for a 
map f : (X, A) + (X, A) of a pair of compact ANR’s. Recall from [3, Section 21 
that IEO,(f) denotes the set of irreducible essential orbits in Orb,(f) of the 
self-map f : X -+X of a connected compact ANR, and that IEO,(J? was defined 
for nonconnected spaces similarly in [3, Section 31. We let IEO,(f; X, A) denote 
the set 
IEO,(f; X, A) = IEO,(f)U(IEO,(f) \v*(IEO,(f))). 
In other words, IEO,(f; X, A) is the union of IEO,(f) and those elements of 
IEO,(f) which are not common. Hence we get in the “Projective Banana Exam- 
ple” [3, Example 3.51 from [3, Eq. (S)] that IEO,(f; X, A) = IEO,(J? = 
{([ll~), (KU:), W:), <E@>, ([ll!,)), where [Olj” and [ll~, for j = 0,1,2, are the two 
n-periodic point classes of 8. = J‘ I RPj3. 
The next proposition relates the height h(S) of the set of irreducible essential 
orbits (see e.g. [3, Section 21 for the definition) to the relative Nielsen number of 
period n. It extends [3, Corollary 3.91. 
Proposition 2.6. Zff : (X, A) + (X, A) IS a self-map of a pair of compact ANR’s, 
then NP,( f; X, A) = h(IEO,( f; X, A)). 
The reader is invited to use Proposition 2.6 to verify NP,(f; X, A) for the 
following simpler version of the “Banana Example” 1.1. 
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Example 2.7. We define a self-map f of X = S’ X 0’ as in the “Banana Example” 
1.1, but we replace the map g : S’ + S’ by a standard map of degree 2. Therefore 
we can now identify the periodic points of period 2 of g with the elements 
{[012, [112, [212} of Z,. Let S;, for j = 0,1,2, be the boundary circles of the three 
disks {e2jsi13} x II2 f or j = 0,1,2, and let A be the disjoint union of S,& S: and Si. 
We choose f : A +A so that j1 :S: + Si is a standard map of degree 3 and both 
f2 : Si + Si and !a : SA + Si are the identity (i.e., in the notation of Example 1.1, 
we choose d, = 3 and d, = d, = 1). As in Example 1.1 the maps g and r can be 
used to define a map f : (X, A) + (X, A). Then NP,(f; X, A) = M,(f) = 2 * 
N(ff) = 4 and NP,(f; X, A) = 24. 
The next two propositions extend [6, Theorems 3.1 and 3.21. The first one 
contains the basic result expected from any Nielsen type number, namely the lower 
bound property. The second will be used in the calculation of NP,(f; X, A) in 
Example 2.10. 
Proposition 2.8. (Lower bound property). Zf (X, A) is a pair of compact ANR’s, 
then every map f : (X, A) + (X, A) has at least NP,( f; X, A) periodic points of 
least period n. 
Proof. It fohows from Proposition 2.6 that we only have to show that f has at least 
h(IEO,(f; X, A)) periodic points of least period II. Now every orbit (a) in 
IEO,(f; X, A) is essential, and so it contains at least d(( a)> distinct periodic 
points of f. (Note that (a) E IOE,(f) means that (a) E IEOn,cci,<fc(i)> for some 
i.) The irreducibility of the orbits in IEO,(f; X, A) ensures that the points which 
lie in different orbits are distinct n-periodic points of f, and so it follows from the 
definition of the height of a set of orbits and [3, Proposition 2.21 that there are at 
least h(IEO,( f; X, A)) periodic points of least period 12. 0 
Proposition 2.9. (i) M’,,( f; X, A) 3 W+,(f), 
(ii) N.$f; X, A) & NP,(f >, 
(iii) NP,(f; X, A) GNP,(~) + NP,(f ). 
Proof. (i) By [3, Corollary 3.91 we see that A#‘,$!) = h(IEO,(f)). Now clearly 
IEO,,(f) c IEO,( f; X, A), and so h(IEO,(f)) Q h(IEO,( f; X, AN = NP,( f; X, 
A). 
(ii) We will use the fact that h(IEO,(f )) = NP,( f 1. Let IEO,( f, f> denote the 
set of irreducible essential common orbits of f and f. Then IEO,( f ) = (IEO,( f I\ 
v,(IEO,(~)))IIIEO,(~, f). F or each orbit ((Y) E IEO,( f, f> there is an Cr E 
FPC(( fiW)MO) f or some component of Ai of A with v,((G)) = (a). Now 
M(G)) = / ( 1 II c i since (a) is irreducible (see diagram (2)). Pick one such ((Y) for 
each (cy> E IEO,(f, f), and let T be the set @((at>)] for each such ((Y), and 
each positive integer j. It should be clear that iV.P,(f I= h(T) + h(IEO,(f )\ 
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v,(IEO,,(~))), and that T ~~(IEO,(~)\V,(IEO,(J))) cIEO,(f; X, A), and so 
NP,(f; X, A) > NP,,(f) as required. 
(iii) It is easy to see that IEO,(f; X, A) G IEO,(F)Ll IEO,(f), and the result 
follows by taking the height of each side of this inclusion. q 
Example 2.10. Let X = S’ X D* be the solid torus, let A = St X S’ be its boundary 
2-torus and let f:(X, A) + (X, A). Since both X and A are K(rr, 1)‘s and the 
inclusion of A into X is a cofibration, we need only specify f algebraically on their 
fundamental groups. We select generators (Y, p of rr,(A) = Z + Z so that they 
represent circles of latitude and longitude, with (Y also representing a generator of 
r,(X) = Z. Let Y : A -+X be the inclusion. Now assume that f*(a) = ULY + bp 
andf,@)=ca+dp for a, b,c, d~Z.Then V* *f, =f* *v* implies c=Oand 
f*(a) = a(~. Note that X and A are both Jiang spaces, that L(f”) = 0 if and only 
if urn = 1, and that L(f”) = 0 if and only if (am - 1X&” - 1) = 0. We distinguish 
two cases. 
(i) If d # 1, then L(f”) # 0 if and only if L(f”) # 0, and so, since V* : r,(A) + 
rTT1(X) is surjective, it follows that every essential orbit in FPC(f”) is common, 
Hence by definition of NP,(f; X, A) we have 
for all n E Z,. Since A is path-connected, NP,(f) can be calculated by Mobius 
inversion from [2, Theorem 3.71 and the fact that N(f”) = L(f”) for every 112. 
(ii> If d = 1, then L(f”) = 0, and so every orbit of f is inessential. Thus 
iVP,(f) = 0, and so we get from Proposition 2.9, parts (ii) and (iii), 
NP,( f; X, A) = Np,( f ) 
for all n E Z +. 
We spend the rest of this section indicating that NP,(f; X, A) has the usual 
properties of Nielsen type numbers. Proposition 2.11 extends [3, Proposition 
3.11(G)]. 
Proposition 2.11 (Homotopy invariance). Zf the maps f, g : (X, A) + (X, A) are 
homotopic, then NP,(f; X, A) = NP,,(g; X, A). 
Proof. The homotopy invariance of NP,(f) and ZVP,(f) follows from [3, Proposi- 
tion 2.4 and Proposition 3.111, and so we only have to show that NP,(f, f> is 
homotopy invariant. This follows from the commutativity of two diagrams. The first 
one is obtained by applying [3, diagram (6)l to the homotopy ZZy@) constructed as 
follows: Let H : f = g : (X x I, A x Z) + (X, A) be a homotopy, then as seen in 13, 
Section 31 there exists for each f-cycle [Ail (which is also a g-cycle) an induced 
homotopy H,fci) : i;(i) = gfci) for all j E [il. The second diagram is obtained by 
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applying [3, diagram (7)] to the homotopies ZZF@), H’(‘) : XX Z -+X and the 
constant homotopy at [Ail. 13 
Similar arguments allow us to obtain the next two results. 
Proposition 2.12 (Commutativity). Zff:(X, A) + (Y, B) and g :(Y, B) + (X, A), 
then NP,(g 0 f; X, A) = NP,(f 0 g; Y, B). 
Proposition 2.13 (Homotopy type invariance). Zff : (X, A) + (X, A) and g : (Y, B) 
+ (Y, B) are maps of the same (pair-wise) homotopy type, then NP,,(f; X, A) = 
NP,Jg; Y, B). 
3. The relative Nielsen type number for the ntb iterate 
Let @(f “) denote the set of fixed points on X for the nth iterate f n of the map 
f :(X, A) + (X, A), and let 
M@,Jf; X, A) = min{#@(g”): g-f asamapofpairs). 
In this section we introduce a lower bound for M@,(f; X, A). 
It should be clear from Propositions 2.8 and 2.11 that 
CNP,(f; X, A) <M@,(f; X, A). 
mln 
However, as in the absolute case, the number C, ,,NP,( f; X, A) may fail to 
include periodic points detectable by [3, Proposition 2.21, a result which contains 
the facts that underlie all our definitions of Nielsen type numbers for periodic 
points. The following example shows that C, ,.NP,( f; X, A) can indeed be less 
than N@,(f; X, A). We will also use this example in Remark 4.9 in the next 
section to illustrate the difficulty of writing N@Jf) as a formula analogous to 
Definition 2.3. 
Example 3.1. Consider the pair (X, A) = (S4 V S3, S2 V S3). Let f : A + A be 
defined as the map f in [4, Example 3.11, i.e., f I S2 is the identity and f 1 S3 is a 
map of degree 2 with fixed point x0 = S2 f~ S3. We extend f to a map f : (X, A) + 
(X, A) by defining f I S4 as the identity. Then L( f “) = L(f”) = 2 - 2”, and so 
L(f) = L(f) = 0 but L( f “9 = L(f”) # 0 for m > 2. If we take n = 6, then using 
the arguments given in [4, Example 3.11 we have C, ,6 NP,(f; X, A) = 0. But we 
see from L(f ‘? # 0 that f must have at least one periodic point of period 6. This 
fact is confirmed by [3, Proposition 2.21. 
As in [4], we satisfy the need to include in the definition of N@,Jf; X, A) all 
periodic points which must exist according to Proposition 2.2 in [3] by defining this 
number in terms of sets of n-representatives. Our first task then is to give the 
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relative version of this concept. We will need to know how the sets of n-repre- 
sentatives of f and f interact. For this reason we begin by extending the definition 
of a reducible n-periodic orbit given in [3, Definition 3.61 to the relative setting. 
Definition 3.2. Let f : (X, A) -+ (X, A) be a map of pairs and I, : A -+X the 
inclusion. If m I n, and if (a) E Orb,(f)LlOrb,(f 1 and (p) E Orb,(f)LIOrb,(f 1 
are orbits of the maps f : X -+X and f : A -+ A determined by f : (X, A) + (X, A), 
then (a) is pseudo-reducible to (p) if one of the following two conditions is 
satisfied: 
(Pl) ((Y) is either f-reducible or f-reducible to (p), 
(P2) (CZ) E Orb,(f), (p) E Orb,,CCj,(f~(j)) for some cycle [Ail, and ((Y) is 
f-reducible to v,(( p)) (see diagram (2)). 
If we wish to emphasize that an element of Orb,(f) LI Orb,( f > is an element of 
Orb,(f) we will use a bar over the Greek letter. Thus (p) E Orb,(j). 
Now consider the following two sets 
Orb,,.(f) = LI{Orb,(f): mln} 
and 
Orb,,,(f) = LI{Orbm(~): ml.}. 
We see from the definitions that Orb,, ,( f > is a set of orbits of f : X -+ X and 
Orb,,,(f) is a set of orbits of f : A +A. With this notation, the next definition 
reduces to [4, Definition 3.71 if A = 8. (See also [3, Section 21.1 
Definition 3.3. A finite subset S of Orb,,, ,n( f )LI Orb, ,,<j> is called a set of 
n-representatives for f : (X, A) + (X, A) if, for all m I IZ, every essential orbit in 
Orb,,,(f)LIOrb,,, <f> is pseudo-reducible to at least one element of S. 
Remark 3.4. It should be clear that if S is a set of n-representatives for f : (X, A) 
+ (X, A), then S contains the set LI ,,,(IEO,( f; X, A)), and that this set 
(whose height according to Proposition 2.6 is C, ,,JVP,( f; X, A)) may be too 
small to define N@Jf; X, A). This can be seen from Example 3.1. 
There is a useful way to obtain a set of n-representatives for f : (X, A) + 
(X, A). If the set R is defined by 
R=((cr)~Orb,,.(f)J_IOrb,,,(f): ((Y) isessentialand 
((Y) is not pseudo-reducible 
to any other essential orbit}, 
then R is clearly a set of n-representatives. But note that, in contradiction to a 
procedure outlined in [5, p. 591, R may be too big to define N@,J f; X, A). This 
can be seen from Example 3.1 (compare 14, p. 2261). 
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As every element of S c Orb,, ,,(f> L.I Orb, ,,<f> is either an orbit of f : X-P X 
or an orbit of f : A +A, it is clear how the definition of the height h(S) of the set 
of orbits S given in [4, Definition 3.51 (see also [3, Section 21) should be extended 
to the context here. Therefore we can now extend [4, Definition 3.111 to obtain 
Definition 3.5. Let f : (X, A) --f (X, A) be a map of a pair of compact ANR’s. The 
relative Nielsen number for the nth iterate of f :(X, A) + (X, A) is 
N@J f; X, A) = min{h(S): S is a set of n-representatives for 
f :(X, A) -+(X, A)). 
Note that this definition implies that N@,( f; X, A) = 0 if the empty set is a set 
of n-representatives for f : (X, A) + (X, A), and that N@,( f I= N@,,( f; X, fl) = 
N@,( f; X, X) is the Nielsen type number for the nth iterate of f : X --)X given in 
[5, p. 69, Definition 4.81 (where the symbol NF,( f) is used) and [4, Definition 3.111. 
As the height is a positive integer, we see that there always exists at least one set of 
n-representatives for f : (X, A) + (X, A) with h(S) = NQn( f; X, A). 
Example 3.6. Let (X, A) = (S’, S’) consist of the 2-sphere and its equator, and let 
f: (S*, S’) + (S*, S’) be a map so that f : S* 4 S* has degree d and f: S’ --) S’ 
has degree d As S* is simply connected, FPC( f “) consists, for each m E Z +, of 
only one element am. Clearly{ am> is reducible to (al), and is pseudo-reducible to 
each orbit of FPC(fk> for any k I m. We distinguish two cases. 
(i) If z# 1, then every element of FPC(f) is essential, and in view of the above 
every set of n-representatives for f: S1 + S’ is also a set of n-representatives for 
f :(S*, S’) + (S*, S’). Hence we have 
(ii) If l= 1, then N(f”) = 0, and so any set of n-representatives for f : X + X 
will be a set of n-representatives for f : (X, A) + (X, A). Thus we get 
N@,( f; S2, S’) = N@,,( f) = (;’ 
7 
ftfe;,,’ and n is Odd’ 
Next we show that N@,(f; X, A) has the lower bound property, as this fact is 
not immediate from the definition. 
Proposition 3.7 (Lower bound property). Zf f : (X, A) + (X, A) is a map of a pair 
of compact ANR’s, then f has at least N@,,(f; X, A) periodic points of period n. 
Proof. (Note that this proof is an extension of the proof of [3, Proposition 
3.1 l(iii>].> We regard Orb,, ,$ f ) LI Or$, ,($j as a union of quotients of sets of the 
form Coker(1 - f “‘,> and Coker(1 - fi mc(i)o>, It is clear that if x E @(f ‘9, then 
either x E A or x E X\A. Also, if x E @(f “> and x EX\A, then f(x) E X\A. 
Because of this we may abuse notation and write @(f “) as the disjoint union 
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@p(f” I X\A)LI a(!“) (though we are not, of course, suggesting that f restricts to 
a self-map of X\A). We partition the sets @i(f”) and @(f” I X\A) as follows. 
Two elements x and y of @(f”> belong to the same element of the partition if and 
only if x and y belong to the same component of Aj of A and if there is a 
nonnegative integer 4 such that x = (fjc’j’)4(y). On the other hand, two elements 
x and y of @(f” I X\A) belong to the same element of the partition if and only if 
there is a nonnegative integer q such that x =fq(y>. We will use this partition to 
construct a set of n-representatives for f whose height is less than or equal to 
#(@(f”)). 
Let Qr be an element of the partition of @(f”), where j refers to the 
component Aj of A with Q,? cAj and m is the cardinality of the set, and let RP 
be an element of the partition of @<f” I X\A), where p is the cardinality of RP. 
Then it follows as in the proof of [3, Proposition 3.ll(iii)] that m is the smallest 
possible value of q such that (fj”(j’>q(x) = x f or each x E Q,?, and p is the smallest 
value of q such that fq(x) =x for each x E R p. Note that each Q,? determines an 
orbit ( Fjm), where F,” is a geometric m-periodic point class of fit@), in 
@Kfi”“‘)“)/ _ ) and hence (via the injection p of [3, Section 21) an orbit (p(Fjm)) 
of an algebraic m-periodic point class of f;(j) in Orb,(f;(j)). Similarly each RP 
determines an orbit (p(Fp)) of an algebraic p-periodic point class of f in 
Orb,(f). Let 3 be the disjoint union of the orbits of algebraic periodic point 
classes determined by the elements Q,” of the partition of @(f”) and let S be the 
disjoint union of the orbits of algebraic periodic point classes determined by the 
elements RP of the partition of @<f” I X\A). As in the proof of 13, Proposition 
3.111 we see that p & d((p(FP))) ( see also [2, Corollary 2 to Proposition 1.14]), and 
so 
f@(Y) = Cm + Cp 
> Cd((F,“)) + zd((FP)) 
=h(S) +h(S), 
where the sums are taken over 3 and S respectively. 
It remains to show that S LI .? (i.e., the disjoint union of S and 3) is a set of 
n-representatives. Let ( LY > E Orb,, Jf) LI Orb,, JJ‘> be an essential orbit. We 
distinguish two cases, namely (i) that (a) E Orb,@‘)) for some f-cycle [Ail, some 
j E [i] and some positive integer q, and (ii) that (a) E Orb,(f) for some positive 
integer q. For case (i), we merely observe that the proof of [3, Proposition 3.llGii)l 
shows that ?? is a set of n-representatives for 2. For case (ii), let ((w) E Orb,(f) be 
an essential orbit, where p I n. If x is a p-periodic point of f detected by this orbit, 
then x E @(f”> or x E @(f” I X\A). In the former case x lies in the orbit (Fjm) 
of some geometric m-periodic point class. From the commutativity of the funda- 
mental group (i.e., Coker) version of the left-hand side of [3, diagram (91, with 
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appropriate maps f, g and h, we see that (a) is pseudo-reducible to (p(Fjm)). In 
the latter case we proceed as in the proof of [3, Proposition 3.ll(iii)], but with f 
instead of f. o 
In order to prove, in Proposition 3.9, the analogue of Proposition 2.9, we need 
part (ii> of the next lemma. Part (i) will be used later. 
Lemma 3.8. Let S and S’ be two subsets of Orb,,,(f)LI Orb,,,,(f). Then KY) 2 
h(S) if one of the following two conditions holds: 
(i) there exists an injection C$ : S + S such that, for all (a) E S’, the orbit (a) i.v 
pseudo-reducible to +((a)), 
(ii) there exists a sujection 4 : S + S’ such that, for all (CZ) E S, the orbit $((a)> 
is pseudo-reducible to ( (Y ) . 
Proof. (i) This condition is a generalization of [4, Lemma 3.61, and the easy proof is 
similar. (ii) Take an injection $J : S’ --) S with $((cr)) E $-l((cy)> for all ((Y) E S’, 
and use 6). 0 
Proposition 3.9. (i) N@,( f; X, A) a Nan,(J), 
(ii) N@JJf; X, A) a N@J f 1, 
(iii> N@J f; X, A) d N@J f I+ N@,(J). 
Proof. (i) Let ScOrb,,,Jf)LlOrb,,,(f) b e a set of n-representatives for 
f: (X, A) + (X, A) such that h(S) = N@,(f; X, A), and let S = S n Orb,,,(f). 
It is clear that S is a set of n-representatives for f, and so 
N@,(f) <h(S) <h(S) =N(f; X, A). 
(ii) Let S and S be as above, let S * = S f~ Orb,,Jf 1 and let 
S’=S” LI{v*((a)): (cu) ES}. 
Define the function $ : S + S’ by 
‘((a))= i 
(a), if (a)ES*, 
v * ((a)), if (cy) ES. 
Then $ is surjective, and +((a)> is pseudo-reducible to (a). So Lemma 3.8 shows 
that h(Y) Q h(S). 
We claim that s’ c Orb,,,(f) is a set of n-representatives for f : X + X. To see 
this, let (y) E Orb,(f 1 b e an essential orbit with m I n. As S c 
Orb,,,,(~)LIOrb,,,,(f) is a set of n-representatives for f :(X, A) + (X, A), the 
orbit (7) is pseudo-reducible to at least one (cy ) E S. If ((u) E S * , then ((Y) E S’, 
and so (y) is reducible to ((Y) ES’. If (a) ES, then Y*((LY)) ES’, and so (y) is 
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reducible to v * c{(r)) E S’. We see that in either case ( y > is pseudo-reducible to 
an orbit of S’, and so we get from Definition 3.5 that 
N@,(f) <h(Y) <h(S) =N@,(f; x, A). 
(iii) Let U c Orb,,,Jf) be a set of n-representatives for f : X+X such that 
h(U) = N@,(f), and let 0 c Orb ,,,(T> be a set of n-representatives for f : A --) A 
such that h(a) = N@,,(f). Further let U’ be the disjoint union of U and 0. Then 
U’ is a set of n-representatives for f : (X, A) + (X, A), and so 
N@,(f; X, A) <h(U’) =h(U) +h(o) =N@Jf) +N@Jf). q 
We finish this section by stating that the relative Nielsen type number for the 
nth iterate N@,(f; X, A) satisfies the usual properties of Nielsen type numbers. 
The proofs of Propositions 3.10, 3.11 and 3.12 are standard. 
Proposition 3.10 (Homotopy invariance). Zf the maps f, g : (X, A) + (X, A) are 
homotopic, then N@Jf; X, A) = N@Jg; X, A). 
Proposition 3.11 (Commutativity). Zff : (X, A) + (Y, B) and g : (Y, S) + (X, A), 
then N@,(g 0 f; X, A) = N@,(f 0 g; Y, B). 
Proposition 3.12 (Homotopy type invariance). Zff : (X, A) -+ (X, A) and g : (Y, B) 
+ (Y, B) are maps of the same pairwise homotopy type, then N@,,(f; X, A) = 
IV@&; Y, B). 
4. Calculating NP,(f; X, A) and N@“(f; X, A) 
In this section we wilI consider conditions under which N@,J f; X, A) can be 
written as a formula which has the structure used in the definitions of the relative 
Nielsen number [6, Definition 2.41 and the relative Nielsen number of period n 
(Definition 2.3). In addition we will establish some relations between the two 
relative Nielsen numbers for periodic points studied in this paper and the relative 
Nielsen number of the nth iterate of f, i.e., between the numbers NP,( f; X, A) 
and N@,( f; X, A) and the number N( f “; X, A). In particular, we generalize [4, 
4.2, 4.6 and 4.101, and we illustrate our results with examples. In our proofs and 
calculations we will use the set 
T,(f; X, A) = u (IEO,(f; X, A)), (4) 
mln 
where IEO,(f : X, A) was defined in Section 2. 
Proposition 4.1. N@,J f; X, A) 2 C,, n NP,( f; X, A), 
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Proof. By Remark 3.4 the set T’(f; X, A) is a subset of any set of n-representa- 
tives, and so the result follows from the rest of Remark 3.4 and Lemma 3.8(i) 
applied to the inclusion of T,(f; X, A) into any set of n-representatives which 
defines the left-hand side of the inequality in Proposition 4.1. 0 
In what follows we will want to impose the condition that T’(f; X, A) is a set of 
n-representatives. The following proposition gives a sufficient condition. 
Proposition 4.2. Let f :(X, A) + (X, A) be a self-map such that X and each 
component Ai of A are Jiang spaces. Assume, further, that L(f “> # 0 for each 
m I n, and that L(( fF(i))m/c(i) ) # 0 for each c(i) I m with m I n. Then T,(f; X, A) is a 
set of n-representatives. 
Proof. Note that, for all m I n, the essential orbits in Orb,(f) and the noncommon 
essential orbits in Orb,(f) contain only essential orbits, and so the result follows. 
We note from the proof that the proposition is also true under the condition 
that, for all m I n, the essential orbits in Orb,(f) and the noncommon essential 
orbits in Orb,( f > contain only essential orbits. To see that this condition is not 
necessary, consider a pair (X, A) with X = A and r,(X) = 0, and a self-map f of 
(X, A) for which (a’) and (a4> are essential but (cz2> is inessential, where (a”), 
for n = 1, 2, 4, is the (unique) n-orbit of f. Then T4( f; X, A) = I( a’)} is a set of 
4-representatives that does not satisfy the condition. 
The following proposition will be used in some of the calculations later on. 
Proposition 4.3. The set T,( f; X, A) k a set of n-representatives if and only if 
N@,(f; X, A) = EN&( f; x, A). 
mln 
Proof. If the set T,( f; X, A) is a set of n-representatives, then it is clear from 
Remark 3.4 and the definition of NP,( f; X, A) that N@,( f; X, A) = 
C,,, , n NP,,$ f; X, A). Conversely, assume that T = T,( f; X, A) is not a set of 
n-representatives. Then we can choose a set S of n-representatives with the 
property that h(S) = N@,( f; X, A) > h(T,( f; X, A)). Because of this, and as 
T c S due to Remark 3.4, there exists an essential orbit (am) which is not 
pseudo-reducible to any element of T. Thus we have 
N@,(f; X, A) =h(S) >d((am)) t-h(T) >h(T) = xNP,(f; X, A), 
mln 
and the result follows. 0 
As the assumptions of Proposition 4.3 are always satisfied if n = 1 and as 
NP,( f; X, A) is the relative Nielsen number N( f; X, A) of f, we get 
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Corollary 4.4. N@,(f; X, A) = N(f; X, A). 
It is an easy exercise which practices the various definitions to obtain this 
corollary directly from Definition 3.5. 
We use Propositions 4.2 and 4.3, and the results in Example 2.5, to calculate 
N@,(f; X, A) in example 13, Example 4.51. 
Example 4.5. For n = 6 in example [3, Example 4.51 we have 
N$(f; X, A) = 2 + 28 + 30 + 1782 = 1842. 
If we apply the Mobius inversion formula to Proposition 4.3, we obtain the 
following corollary which is a generalization of 14, Corollary 4.61. 
Corollary 4.6. Let n be a positive integer for which T,,< f; X, A) k a set of 
n-representatives for a map f : (X, A) + (X, A), and let P(n) = (pl,. . . , pk} be the 
set of all distinct primes dividing n. Then 
NP,(f; X, A) = c (-l)#‘N@,z:.(f; X, A) 
7rP(n) 
where n : T = 417, E .p)Y1. 
We shall illustrate this corollary in Example 4.13. The assumption that the set 
T,( f; X, A) is a set of n-representatives also allows us, in certain special cases, to 
give a simpler procedure for finding N@,,( f; X, A) in terms of the Nielsen type 
numbers of the nth iterate of f and f and the numbers NP,,,(f, f>, which were 
defined in Section 2 as m times the number of common irreducible essential orbits 
of f m and f”‘. 
In the next proposition we show that if T,(f; X, A) is a set of n-representa- 
tives, then we can express N@,( f; X, A) in a form which is similar to the one used 
in the definition of the relative Nielsen number. 
Proposition 4.7. Let f : (X, A) --j (X, A) be a self-map so that T,( f; X, A) zk a set 
of n-representatives. Then 
N@,(f; X, A) =N%(f) +N@,,(f) - CW,(f, f). 
mln 
Proof. As T,( f; X, A) is a set of n-representatives, we have 
N@,(f; X, A) = CNP,(f; X, A) 
mln 
As A need not be path-connected, the last step follows from 13, Proposition 4.61. 
0 
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Remark 4.8. Without some hypothesis the right-hand side in the formula of 
Proposition 4.7 can be bigger than the left-hand side, and hence is potentially 
greater than the number of periodic points. To see this, consider the case n = 6 in 
Example 3.1. We have Na6(f; X, A) = 1. This reflects the fact that [3, Proposi- 
tion 2.21 allows us to detect only one periodic point of period G 6. On the other 
hand, since C,,, NP,(f, f> = 0, the right-hand side of the equation in Proposition 
4.7 is equal to 2. Thus Example 3.1 also illustrates the difficulty of writing 
N@Jf; X, A) in all cases as a simple formula which has a structure similar to that 
of the relative Nielsen number. 
We use Proposition 4.7 in the next example. 
Example 4.9. Let f : (X, A) + (X, A) be the map defined in the “Projective 
Banana Example” [3, Example 3.51. It is easy to see that NP,(f, f> = 1, NP,(f, f) 
= 2 and NP,(f, f> = 0 for m f 1 or 2. It follows that C,,,NP,(f, j:> is 1 if IZ is 
odd, and 3 if 12 is even. Note also from the exact sequence (1) of [3] that 
N@,(f) = N(f”) = 2” - 1. 
If n is odd, then it follows from [3, Example 3.51 that NQj,(f) = 2, and so we get 
from Proposition 4.7 that N@,(f; X, A) = 2 + 2” - 1 - 1 = 2”. If n is even, then 
IZ is of the form n = m - 2’ with m odd and r > 0, and so we get from [3, Example 
3.51 that N@,(f) = 2”+*, and N@,Jf; X, A) = 2’+* + 2” - 4. 
Our final result gives conditions under which the relative Nielsen number for 
the nth iterate of a map of pairs f:(X, A) -+ (X, A) equals the relative Nielsen 
number of f”. These conditions are clearly satisfied in Example 1.1. As usual, 
R(f) denotes the Reidemeister number of the map f. The definition of an n-toral 
map is given in [2, 4.341 (see also [3, Section 41). 
Theorem 4.10. Zff : (X, A) + (X, A) is a self-map, then 
N@,(f; x, A)>N(f”; x, A). 
Zf, furthermore, f satisfies 
(8 f is n-to&, and fcCi) k n-toral for each component Ai of A, 
(ii) r,(X) and ‘TTJA) are Abeliun, 
(iii) N(f”)=R(f”) f or every m I n, and N((J;,‘T7 = R((f~“9”) for every 
m I(n/c(i)> and every j E [i], 
then equality holds. 
Proof. Let 8(g) denote the set of essential fixed point classes of a self-map g of a 
path-connected space. For a self-map f : (X, A) + (X, A), we will denote by 
8( f “; X, A) the union of the set 8( f “1 and of the sets 8%fc(i))n/c(i)) for those 
components Ai of A for which c(i) divides n. Let Orb(8Cf “; X, A)) be the 
corresponding set of orbits of 8( f “; X, A). Then ZV( f “; X, A) = Cl((rw )), where 
1 is the length of the orbit, and where the sum is taken over those orbits in 
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Orb(g(f”; X, A)) which are not common. Let S be a set of n-representatives for 
f with N@Jf; X, A) = h(S), and let s be the subset of S consisting of those 
orbits (p) for which there is an (LY) E Orb(8(f”; X, A)) which pseudo-reduces 
to (p). Then 
N(f”; x, A) =Cl(W) <Cd(W) <h(S) <h(S) =NGn(f; x, A), 
where the first inequality follows from [2, Lemma 1.131. 
For the proof of the second part of the theorem, it should be clear from (iii) 
that T’(f; X, A) is a set of n-representatives, and from (i) and (iii) that we need 
only deal with Reidemeister classes. Let IRC,(j) denote the set of irreducible 
(and thus by (iii) essential) Reidemeister classes of f. In other words, IRC,@) is 
defined as the subset of LI c(i),m,j Elil ‘ci) FPC((fi m/c(i)) consisting of irreducible 
classes. Further, let NCIRC,(f) denote the set IRC,(~)\V,(IRC,(~)) of non- 
common irreducible Reidemeister classes of FPC(f”). From (i) and (iii) we have 
NQ~(~; x, A)=~(T) =#IJ{IRC,(~)~NCIRC,,(~)} 
mln 
= # u IRC,( f) + # u NCIRC,( f) . 
mln mln 
It is sufficient to show that there are bijections 
$: u IRC,(f) z u 
mln c(i)ln,i~[il 
FPC(( ,(i,,“‘c’i’) 
and 
4: uNCIRC,(f) -FPC(f”)\u,(FPC(f”)) 
mln 
defined by $(am/c(i)) = ~~~~~~~~~~~~~~~~~~~~~~~ and 4(am) = ~,,,(a’?. Here 
‘(‘) Lm/c(i),n/c(i) : FPC((fi”i’)m’C’i’) ~ FPC((~ ) n/c(i)) for some j E [i]. To see that $ 
is surjective, let q?“(‘) E FPC((fF(i))“‘C(‘)). If #/c(i) is irreducible, then $(cY”/~(‘)) 
= (Y”/‘(~). If it is not irreducible, then it is reducible to some irreducible pm/c(i), 
and so ;i;<p m/c(i)) = CZ*/~(~). To see that 6 is injective, suppose that &;(pm/cci)> = 
&(yk/c”‘). Necessarily /3m/cci) and yk/‘(” lie in the same component Aj of A. 
Then it follows from (ii) and [2, 1.191 that &(pm/cci)> is reducible to 
(m/c(i), k/c(i)). But both /?m/cci) and ykicci) are irreducible, and so m/c(i) = 
k/c(i) and pm/cci) = y k/c(i) by (i). The proof that 4 is bijective is similar once we 
have made the observation that noncommon classes of f reduce only to noncom- 
mon classes by the commutativity of diagrams of type (2). q 
Here is an example in which Theorem 4.10 is used to calculate the relative 
Nielsen number of the nth iterate. 
Example 4.11. Let X = S’ X D2 be the solid torus, let A = S1 X S’ be its boundary 
and let f : (X, A) -+ (X, A) be a map which defines the integers a and d as in 
Example 2.10. Then we can use Theorem 4.10 to produce Table 1. 
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Table 1 
N@,,(f; X, A) 
d”#l d=l d=-l,n=2’.k 
a”#1 la”-ll.\d”-11 la”-11 la”-ll+ Iak-ll 
a=1 0 0 0 
a=-1 2Id“--II 2 4 
n = 2’.k 
For example, if a” # 1 and d” # 1, then N@,(f; X, A) =N(f”; X, A) =N(f”) 
=L(p”)= Ia”- 11. I d” - 11. The verification of the rest of the table is left to the 
reader. 
We close with two further examples. The first one shows that Theorem 4.10 is 
false unless some assumptions on the map f : (X, A) + (X, A) are made, and the 
second one illustrates how Theorem 4.10 and Corollary 4.6 can be used to 
calculate N@,(f; X, A) and iVP,(f; X, A). 
Example 4.12. Let f : (X, A) + (X, A) be the map defined in the “Projective 
Banana Example” [3, Example 3.51. In this example, condition (i) of Theorem 4.10 
is not satisfied for all IZ. The basic reason for this is that, for even n, the map 
t : RP3 + llW3 fails to be n-toral. We will show that if II is odd, then N(f”; X, A) 
= N@,(f; X, A); but if n is even, then N(f”; X, A) < N@J,(~; X, A), that is 
equality does not hold. 
We have to calculate the left-hand side, i.e., the relative Nielsen number 
N(f”; X, A) = NC?“) + N(f”) - N(f”, f”). We write Ai_= Pip;? for j = 0, 1, 2, 
and jj =f I Aj: Aj -tFCAj). Hence f0 = t : A, *A,, and fj2 = t : Aj +Aj for j = 
1, 2. Note that for the map t : RP3 + RP3 we have NV) = 2 for any IZ E h. If n is 
odd, then 
N(f”) =N(f$) =2, 
but if II is even, then 
N(f”) =N(f;) + 2N(($:f”/2) =N(t”) + 2N(t”‘2) = 6. 
From N(f”, f”) = $V(f”) we get that N(f”, f”> = 1 if II is odd and N(f”, f”) = 3 
if n is even. Since N(f”) = 2” - 1, we get 
The right-hand side N@,(f; X, A) was found in Example 4.9. If IZ is odd, then 
N@,(f; X, A) = 2” =N(f”, X, A). 
But if n is even, then IZ is of the form IZ = m * 2’ with m odd and r > 0, and we 
have 
N@_( f; X, A) = 2r+2 + 2” - 4 > 2” + 4 
>N(fn; x, A). 
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Example 4.13. Let f : (X, A) + (X, A) be the map constructed as in the “Banana 
Example” 1.1 for the values of dj used in both Examples [3, 4.51 and 4.5. This map 
satisfies the hypothesis of Theorem 4.10. If 12 is divisible by 2, then N(f”, f”) = 7. 
To see this, observe that if n = 2, then the 2-periodic point classes of f can be 
identified with the 2-periodic classes of g, and thus with the elements [ j12 of ha, 
where j = 0, 1,. . . ,7. As N@,(f,,) = 0 for all n, [012 is essential and not common, 
but [ j12 is essential and common for j = 1, 2,. . . ,7, and so N(f2, f”) = 7. The 
injectivity of the L,,, and the commutativity of diagrams of the form (2) ensure 
that L2,J[ j12), for j = 1, 2,. . . , 7, are precisely the common essential n-periodic 
point classes. It follows that N(f”, f”> = 7. H ence we obtain, for even values of n, 
from Theorem 4.10 the formula 
N@Jf; x, A) =N(f”; x, A) =N(JI”) +N(f”) -N(f”, f”) 
=O+2]1-5”‘2]+2]1-4n’2~+]l-2n~+2]1-7”’2] 
+ ll-3”1-7. 
So we see from Theorem 4.10 and Corollary 4.6 that N@,(f; X, A) and NP,(f; 
X, A) grow as fast as 3” when IZ gets large. We calculate some specific values. 
First we use the above formula for N@Jf; X, A) in the case IZ = 6, and so we 
can check the value of N@,(f; X, A) which was obtained in Example 4.5 in a 
different way. This time we get 
N@,(f; X, A) =N(P) +qP) -qP, P) 
= 1121+ 728 - 7 = 1842, 
and hence the same value as before. 
Next we use the formula from this example to calculate NQ2(f; X, A) = 30, 
NQj4(f; X, A) = 262 and N@,,(f; X, A) = 810 262. Finally we use these figures to 
obtain from Corollary 4.6 that 
NP,,( f; x, A) = N@,,( f; x, A) - N@,( f; X, A) 
-N@4(f; X, A) +N@,(f; X, A) 
=810262-1842-262+30 
= 808 188. 
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